An isogeny class A of abelian varieties defined over finite fields is said to be cyclic if every variety in A has a cyclic group of rational points. In these notes we study the cyclicity of isogeny classes of abelian varieties with Weil polynomials of the form f A (t) = t 2g +at g +q g . We exploit the criterion: an isogeny class A with Weil polynomial f is cyclic if and only if f (1) is coprime with f ′ (1), where f (1) is the ratio of f (1) to its radical.
interested in the study of the cyclicity of the group of rational points of abelian varieties defined over finite fields. This leads to: Definition 1. Given an abelian variety A defined over a finite field k, an isogeny class A of abelian varieties defined over finite fields and a rational prime ℓ, we say that (1) A is cyclic if its group of rational points A(k) is cyclic;
(2) A is ℓ-cyclic if the ℓ-part A(k) ℓ of its group of rational points A(k) is cyclic;
(3) A is cyclic if the abelian variety A is cyclic for all A ∈ A; and, (4) A is ℓ-cyclic if the ℓ-part A(k) ℓ is cyclic for all A ∈ A.
In [1] we presented a criterion to know if an isogeny class of abelian variety is cyclic:
Theorem 1 (A. Giangreco, 2019, [1] ). Let A be a g-dimensional F q -isogeny class of abelian varieties corresponding to the Weil polynomial f A (t). Then A is cyclic if and only if f ′ A (1) is coprime with f A (1).
Here, for an integer n, n is the ratio of n to its radical. This is in fact a local criterion that can be easily deduced from the proof of Theorem 1.
In this paper, we say that an isogeny class A of g-dimensional abelian varieties defined over the finite field F q is central if its Weil polynomial has the form
We study the cyclicity of central isogeny classes after base field extension. The main result of these notes is presented in Theorem 2.
Generalities on abelian varieties
For the general theory of abelian varieties see for example [3] , and for precise results over finite fields, see [5] .
Let q = p r be a power of a prime, and let k = F q be a finite field with q elements. Let A be an abelian variety of dimension g over k. For an integer n, denote by n the ratio of n to the product of different prime divisors of n. Multiplication by n is a group homomorphism whose kernel A[n] is a finite group scheme of rank n 2g , where g is the dimension of A. It is known the group structure of the groups of points over k:
For a fixed prime ℓ ( = p), the A[ℓ n ] form an inverse limit system under A[n + 1] ℓ → A[n], and we can define the Tate module T ℓ (A) by lim ← − A[ℓ n ](k). This is a free Z ℓ -module of rank 2g and the absolute Galois G group of k over k operates on it by Z ℓ -linear maps.
The Frobenius endomorphism F of A acts on T ℓ (A) by a semisimple linear operator, and its characteristic polynomial f A (t) is called Weil polynomial of A (also called characteristic polynomial of A). The Weil polynomial is independent of the choice of the prime ℓ. Tate proved in [4] that the isogeny class A is determined by the Weil polynomial f A of any A ∈ A,
The Weil polynomial of an isogeny class A has the general form
The cardinality of the group of rational points A(k) of A equals f A (1), and thus, it is an invariant of the isogeny class. For a prime number ℓ, v ℓ denotes the usual ℓ-adic valuation.
Consider an abelian variety A defined over F q with {α i } i as the set of roots of its characteristic polynomial, and belonging to some isogeny class A. For a positive integer n, we denote by A n the isogeny class defined over F q n corresponding to the characteristic polynomial with {α n i } i as its set of roots. It is the isogeny class of the variety A seen as defined over F q n .
Central isogeny classes
Among these isogeny classes are those of elliptic curves and zero-trace abelian surfaces. They have Weil polynomials:
respectively.
Notation. We denote simply by (a, q) g the central isogeny class A with Weil polynomial
We denote by N g,n (a) the cardinalities of the groups of rational points of the varieties in A n , where A is defined by (a, q) g . If A is clear from the context, we write N g,n . We write N instead of N g,1 and N n instead of N g,n if the dimension g is clear from the context. We recall that N g,n (A) = f An (1).
The following theorem summarizes the principal results of the paper. It gives almost a complete description of the cyclicity of central isogeny classes and their extensions. We will prove it separately within the following sections in different lemmas that can be useful by themselves.
Theorem 2. Let (a, q) g be a central isogeny class. Then, for any rational prime ℓ:
where the polynomials P n (x) ∈ Z[x] are defined as follow:
The first two parts of the theorem characterize the cyclicity, and the last part gives the "growth" behavior of the ℓ-component that appear as a component in the groups of rational points, for every n odd. Note that this growth behavior is, apart from the fact that we need ℓ|N 1 , independent of the value of a.
Weil polynomial after field extension. For such an isogeny class A defined over F q we can consider the isogeny classes A n of its varieties over F q n .
If A is a central isogeny class, then its extensions A n are also central isogeny classes. In the case of such a surface S, from Theorem 6 in [2] , we know that S n splits for n even.
Lemma 1. Suppose the isogeny class
A has Weil polynomial f A (t) = t 2g + a 1 t g + q g . Then, its extensions A n have Weil polynomials f An (t) = t 2g + a n t g + q ng , where a n is obtained recursively a n = (−1) n a n 1 − ⌊n/2⌋ i=1 n i a n−2i q gi .
Proof. If R = {α 1 , . . . , α g , q/α 1 , . . . , q/α g } is the set of roots of f A , then {α n 1 , . . . , α n g , (q/α 1 ) n , . . . , (q/α g ) n } is the set of roots of f An . For β ∈ R, we will show that β n is a root of t 2g + a n t g + q ng .
It is clear that β n is a root of t 2g − (β ng + (q/β) ng )t g + q ng ∈ C[t].
Thus we have to show that a n = −(β ng + (q/β) ng ) ∈ Z. In general, if we define c n = −x n − (z/x) n for n > 0 and c 0 = −1, we have that
where (Observe that for n odd we have that ⌊n/2⌋ = (n − 1)/2.)
A = x n/2 (z/x) n/2 or A = x (n+1)/2 (z/x) (n−1)/2 + x (n−1)/2 (z/x) (n+1)/2
for n even or odd, respectively. Equivalently
Then
where ǫ = 0, 1 for n even or odd, respectively. Finally
By taking x = α g and z = q g we are done.
Local cyclicity. In this section we will give the characterization of the cyclicity of central isogeny classes and their extensions. We have that A is ℓ-cyclic and not ℓ-trivial if and only if ℓ ∤ (f ′ A (1), f A (1)). This has a meaning only if A(k) ℓ is not trivial for some A ∈ A (and thus for all A ∈ A), equivalently if ℓ divides f A (1). This can be easily deduced from the proof of Theorem 1.
We give a complete description of the local cyclicity:
Lemma 2. Given a central isogeny class (a, q) g and a rational prime ℓ:
(1) if ℓ ∤ g and ℓ ∤ q g − 1 then (a, q) g is ℓ-cyclic;
(2) if ℓ ∤ g and ℓ|q g − 1 and ℓ|f (1) then (a, q) g is ℓ-cyclic if and only if ℓ 2 ∤ f (1);
(3) if ℓ|g, then (a, q) g is ℓ-cyclic if and only if ℓ 2 ∤ f (1).
Proof. Recall that (a, q) g corresponds to the isogeny class with Weil polynomial f (t) = t 2g + at g + q g . Then we have f (1) = 1 + a + q g = (q g − 1) + (a + 2), f ′ (1) = g(2 + a).
We consider that ℓ ∤ g and ℓ ∤ q g − 1. If we suppose that (a, q) g is not ℓ-cyclic (equivalently ℓ|(f (1), f ′ (1))), then ℓ|q g − 1, contradiction. If ℓ ∤ g and ℓ|q g − 1, then ℓ|( f (1), f ′ (1)) if and only if ℓ 2 |f (1). In the case ℓ|g, we have that ℓ|f ′ (1), then the result follows.
For an integer z we denote by ω ℓ (z) the order of z in the multiplicative group (Z/ℓZ) * , i.e. the smallest integer m such that z m ≡ 1 (mod ℓ). For an ℓ-cyclic isogeny class A of abelian varieties defined over F q , we define the set c ℓ (A) := {n ∈ N : A n is ℓ-cyclic}.
(2)
Proof. For the ℓ-cyclicity of (a n , q n ) g we can write n = cδ + r, 0 ≤ r < δ, where δ := ω ℓ (q g ), and look at
which is congruent to 1 if and only if r is zero, if and only if n is a multiple of δ.
Local growth. Given an ℓ-cyclic isogeny class A (with ℓ|f A (1), i.e. with non trivial ℓ-part) it is clear that for all n, ℓ|f An (1) since A(F q ) ⊂ A(F q n ); and from Lemma 2 we know for which n ∈ N, the n-extension is cyclic. However, it is more interesting to know for which of these values of n the ℓ-part increases. Lemma 4 gives an answer. Before we write the polynomial P n (defined in Theorem 2) in a convenient way: Lemma 3. The polynomial P n (x) = x i can be obtained recursively:
Proof. The proof is straightforward.
Lemma 4. For every positive odd integer n and any prime integer ℓ, we have v ℓ (N n ) ≥ v ℓ (N 1 ) + v ℓ (nP n (q g )), provided that ℓ|N 1 .
Proof. We suppose n odd. Recall that N g,1 = q g + a 1 + 1, and, N g,n = q gn + a n + 1, where a n can be computed by using Lemma 1. From the hypothesis v ℓ (N 1 ) := m > 0 then
From now, all congruences are modulo ℓ 2m . First, we show by induction on n that: a n ≡ −q gn − 1 + zℓ m nP n (q g ).
For n = 1,
with P 1 = 1.
Using the induction hypothesis for i = 1, . . . , (n − 1)/2 (so that n − 2i < n), we have that a n−2i q gi ≡ ≡ −q g(n−2i) − 1 + zℓ m (n − 2i)P n−2i (q g ) q gi ≡ −q gn−gi − q gi + zℓ m q gi (n − 2i)P n−2i (q g ), then taking the sum over i = 1, . . . , (n − 1)/2 n i a n−2i q gi ≡ ≡ ⌊n/2⌋ i=1 n i −q gn−gi − q gi + zℓ m q gi (n − 2i)P n−2i (q g ) ≡ −(q g + 1) n + q gn + 1 + zℓ m ⌊n/2⌋ i=1 n i (n − 2i) q gi P n−2i (q g ) .
From Lemma 1, a n ≡ a n 1 − n i a n−2i q gi ≡ ≡ [−(q g + 1) + zℓ m ] n −   −(q g + 1) n + q gn + 1 + zℓ m
(Here we used the fact that m > 0 : (x + yℓ m ) n ≡ x n + nx n−1 yℓ m (mod ℓ 2m ).)
≡ −(q g + 1) n + n(q g + 1) , which completes the induction part. Then we compute N n :
N n ≡ q gn + a n + 1 ≡ q gn + [−q gn − 1 + zℓ m nP n (q g )] + 1 ≡ zℓ m nP n (q g ).
This completes the proof.
